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Unit 5. SYSTEMS OF EQUATIONS

1. LINEAR SYSTEMS OF EQUATIONS

Two equations with two unknowns form a system if they have a common
solution:

ax +hy =c
ax + by =¢c,

The solution of a system is a pair of numbers xi, y;, such that when we
replace x with x; and y with y;, both equations are verified.

3¢ —dy = -6
2 +dy =16

The solution to this system is: x = 2, y = 3; we can verify it:
3:2-4-3=-6 6-12=-6 -6 =-6
2:2+4:-3=16 4+12=16 16 =16

Properties of Linear Systems

1. If both members of an equation in a system are added or subtracted
the same expression, the resulting system is equivalent.

{3x—4y=—6{3x—4y +3=-6+3

2y =10 |x+2y -2y =8-3% L _o y=3

2. If both members of the equations in a system are multiplied or
divided by a nonzero number, the resulting system is equivalent.

3 Bx-dyy=-63
{3x—4af=—6 2x +dy _16

2X+4}“'=16 2 2 X=2,Y:3

3. If an equation of a system is added or subtracted another equation of
the same system, the resulting system is equivalent.

{3x—4y=—6{ 3x —dy =-6

2w+ dy =16 |2x +dy +5x -dy =16-6 x=2,y=3
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4. If an equation in a system is replaced by another equation that is
obtained from adding the fwo equations from a system previously
multiplied or divided by a nonzero number, the resulting system is

equivalent.
3x - dy - 6 -4y =0 35 - dy - 6
2x +dy =16 xrdy 16 X+2y =8
2 2
3x-dy +x+ 2y =-6+8 dog -2y =2 X2 y=3
M2y =8 X+2y = B

5. If the order of the equations or the order of the unknowns changes,
the resulting system is equivalent.

dx —dy =-6 2x +dy =16 X =2y =3
2x +dy =16 dx —dy = -6
3x —dy =-6 -4y +3x = -6 X =2y =3
2w +dy =16 dy +2x =16

2. LINEAR SYSTEMS OF EQUATIONS. DIFFERENT METHODS

2.1. SUBSTITUTION METHOD

Let's revise it:
1. Work out the value of an unknown in one of the equations.

2. Substitute the expression of this unknown into the other equation,
obtaining an equation with one unknown.

3. Solve the equation.

4. The value obtained is substituted info the other equation.
5. The two values obtained are the solution of the system.
3x -4y = -6

Solved example 1: {2“’{ +dy =16

1. Work out the value of x:
2x =16 -4y X =8-2V

2. Substitute the value of x into the other equation:
3(8-2y) -4y = -6

3. Solve the equation obtained:
2d-60y —dy =-6 =10y =-30 Vo= 3
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4. Substitute the value obtained:

¥=8-2.3=8-6 X =2
5. Solution:
X=2, V=3
Example 2: X+ 3y _s5
Z
2x =
4 - =1
2

2.2. ELIMINATION METHOD

Do you remember it?

1. Prepare the two equations and multiply by the appropriate numbers in
order to eliminate one of the unknown values.

2. Add the systems and eliminate one of the unknowns.
3. Solve the resulting equation.

4. Substitute the value obtained into one of the initial equations and then
solve it.

5. The two values obtained are the solution of the system.
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{3X -dy = -6
Solved example 1: (X * 4 =16

The easiest method is fo remove the y, this way the equations do not
have to be prepared. However, by choosing tfo remove the x, the process
can be seen better.

3% —dy = -6 _124,.{5;,{ ~8y = -12
2+ dy =16 _ -y - 12y = 48

Add and solve the equation:
G -8y =-12
6% -12y = 48
- 20y = -60 Y o= 3

Replace the value of yin the second equation.

Zx+ 4. 3=16 Zx + 12 = 186 2w =4 ¥ =2
Solution:
N=2, =73
Example 2: ,:»{+1+§,,.f—1=|:|
3 2
XY Ny +2=D
3 Pl
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2.3. "EQUALIZATION" METHOD

Here are the steps to remember what this method consists in:

1. Work out the value of the same variable in both equations (you choose which
variable).

2. Make both expressions equal.
3. Solve this equation.

4. To calculate the value of the other variable, plug the first back into one of the
equations, "substituting".

Example: Solve using the Equalization Method:

3+y= 5
—dx+y=-9
Solution:

UNIT 5. Systems of Equations. 5



English Maths 4th Year. European Section at Modesto Navarro Secondary School

2.4. GRAPHICAL METHOD

Let's revise it:

¢ In which point AY AY
do these \ .
straight lines / X
cross? >

e Have they got

any point in
common? r
e How are

these straight
lines?

v

The graphical method consists in graphing every equation in the system and then
using the graph to find the coordinates of the point or points where the graphs
intersect. The point of intersection is the solution.

Solved example: Use the graphical method to solve the system:

x+y= 4

2x—y=-1
I" Step: Draw the first straight line corresponding to the first equation.
X+y=4=y=4-x

X y=4-x

-2 6

[ =]
(&%) [N, |

b
)

2'“ Step: Draw the second straight line corresponding to the second equation.

2Zx—y=—1=y=2x+1
X y=2x+1
) -
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3 Step: The solution is the point of intersection of these straight lines:
x=1y=3.

Example: Use the graphical method to solve the following system of equations:
X—y=-2
-2X+y=3
Note: Graph both equations very precisely. If you don't graph carefully, your point
of intersection will be way off.

Example: Use the graphic method to solve the following system of linear
equations:

2X+y=4
-Xx+y=1
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2.5. NUMBER OF SOLUTIONS IN A SYSTEM OF EQUATIONS

Systems of equations can be classified according to the number of solutions they
have:

> Compatible system: if the system has got one solution, then the straight
lines cut across each other at one point. Example:

."m,'

2k 4 vl

Ay
/ >
Sx—‘iy/ \

» Incompatible system: if the system hasn't got a solution, then the
straight lines are parallel. Example:

Ay

AT,

\'\?\‘
o

9
SIS
LSRN

Fxdy=1

BHL-2) /
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Example: Look at these graphics and write the solutions of these systems of

equations:

A ORT.

-
Y

Sy +2y=4

a) xty=-1 b)
SOLUTION: SOLUTION:

TO REVISE THIS THEORY, YOU CAN VISIT THIS USEFUL AND
ENJOYABLE WEBSITE, WHERE YOU CAN WATCH SOME VIDEOS. COME
ON, GIVE IT A TRY!

http://www.math-videos-online.com/systems -of -
equations.html

Exercise 1. Solve the following system using the graphic method. Decide if it is
compatible or incompatible:

2o+ 3y =-1

Swo+dy =10

UNIT 5. Systems of Equations. 9


http://www.math-videos-online.com/systems-of-equations.html
http://www.math-videos-online.com/systems-of-equations.html

European Section at Modesto Navarro Secondary School

English Maths 4th Year.

Exercise 2. Solve the following systems using the most appropriate method.
Decide if they are compatible or incompatible:

x_x*+y_ 1
2 6 6
2x-3y I _33
g 5 1010
2x + 4y =7

X _2x-5y _ 3

3 6 4

UNIT 5. Systems of Equations.
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5
Yy o, 4x=3y _ 3l
3 4 [

c)
x_x—y_1
2 3 6
Lﬂ,_M:E
4 4 6 12
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3. NONLINEAR SYSTEMS OF EQUATIONS

A system of equations is nonlinear when at least one of its equations is not
linear (i.e., it does not represent a straight line in a graph).

Example 1:

X%+ y® =25
xovy =7

The solution of these systems is usually found by means of the substitution
method. To use this method, follow these steps:

1. Work out the value of an unknown in one of the equations, preferably
in an equation of the first grade.

y=7-x

2. Substitute the value of the unknown in the other equation.

UNIT 5. Systems of Equations. 12
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x%+ (7 - x)?= 25

3. Solve the resulting equation.
x?+ 49 - 14x + x?= 25
2x°-14x+24 =0
x-7x+12=0

4. Each of the values obtained are substituted into the other equation,
and corresponding values of the other unknown are obtained.

x=3 y=7-3 y=4
x =4 y=7-4 y=3

Example 2: Solve the following system of equations:
y = x2—6x +7

y=x—23

Example 3: Solve the following system of equations:
2+ }fz—éx—(i}w 11=0

7 ¥ -
}:“+}r‘—6x—8}r+ 21 =0
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Exercise 3. Solve the following nonlinear systems of equations, and think
about their graphical interpretation:

y=x2+4x—|
a) y=2x+2

x1+y2— 4x -2y = 20
b) x2+y2— | 2x+2y =—12
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xy =6
¢) 3Ix-2y=0

xy = 4
d) X2+Y2=|7

UNIT 5. Systems of Equations.
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Exercise 4. Solve the following nonlinear systems of equations and
interpret their solutions graphically:

y:—x2+4x+|

a) x+y=5

x2+yl=8
b) x2+yl —4x—4y+6=0
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x—3y=-5
) xy—2x—y=1

xy =3

d) x2+yl—4x—4y+6=0

UNIT 5. Systems of Equations.
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4. EXPONENTIAL AND LOGARITHMIC SYSTEMS OF EQUATIONS
4.1. EXPONENTIAL SYSTEMS

To solve an exponential system we must make two changes of variables to
convert it into a linear system. Look at the following example:

3+ 7V=10
2-3-5-7"=13

4.2. LOGARITHMIC SYSTEMS

To solve a logarithm system we use the same method that we use to solve
linear systems. The system will convert it into logarithm equations that we
will have to work out.

Study this example: 2 log x +logy =log9

log x —log y = log 3
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Exercise 5. Solve the following systems of equations:
P+ I =7

X _ Y =
a) 2%-3 |

log x + logy = log 12
b) log x —log y = log 3

I+ 5r =128

8-3%—5Y=—|
c)
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log (x—1)—log(y+3)=0

+ + =
d) 2logx +log(y+1)=4log2

Exercise 6. Solve the following systems of equations:

2+ 3 =17
5:2%-4-3=4

a)
log (x+ 1) +logy=2log2
2logx +logy =log2

b) & gY 4
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7% -5 =338
¢) 2-7%-3-57=67I

logx —logy =log 3
d) 2logx—3logy=log3

— x+2

— a—X
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