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W
/& UNIT 2. POWERS AND ROOTS

1. POWERS.

1.1 DEFINITION.

Complete the following table:

1 2 3 4 5 6 7 8 9 10

1 4 49

When you multiply two or more numbers, each number is called a factor of the product. When
the same factor is repeated, you can use an exponent to simplify your writing. An exponent tells you
how many times a number, called the base, is used as a factor.

A power is a number that is expressed using exponents.

cxXponent ﬁ n
base —3= 9" = :-1':_3 . :l

In English: base > ..., Exponente ...

Other examples:

- 45° = 45 elevado a la quinta potencia = forty-five to the fifth power / forty-five to the power of
five

- 15% - fifteen to the twenty-first power / fifteen to the power of twenty-one

Exercise 1. Calculate:

a)(-2)’= f) 2=

b) (-3)°= 9) (-1)*=
¢) (-5)*= h) (-5)%=
d) (-10)°= i) (-10)°=
e) (7)°= NSUS

REVISE HOW TO USE THE CALCULATOR.
There are some very useful keys to do powers:

m squared (elevar al cuadrado) E.g. I ?2 ’—”E”T‘ m
x? cubed (elevar al cubo) E.g. 14° | 14 |:-r.:1’ | = |
m or X x raised to the yth power . E.g. 5 [AL6
EXP 10 raised to the xth power E.g. |EX[]|| 5 || = |
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Exercise: Calculate with the calculator:
a) (-6)°= b) 5°= 0) (2)°=
d) (10)°= e) (-6)"2=
1.2. PROPERTIES OF POWERS.

Here are the properties of powers. Pay attention to the last one (section vii, powers with negative
exponent) because it is something new for you:
i) Multiplication of powers wn‘h The same base: a" - &’ =a""

=2 =3 _ 75

E.g.: b ?3-?3:7--?-?-?-?:?5
ﬂ:an_P
i) Division of powers with the same base : aFf
6 _ g2 6 _8:6.6-66 ¢ ¢ g
Eg: © 6’ G-6-¢
E.g.: 3:3-_F-=x

i)  Power of a power: (a")° = a""
Checking: (3°)° = 3° - 3°=(3.3:3-33) - (3:3:3:3:3) = 3"

iv)  Power of a multiplication: (a-b)"=a" b"
E.g. 3:5)°=3".5°

v) Power of a division: (a:b)"=a":b"

27

Eg.: (3:5°=3":5"= =

vi) Remember this: a’ =1, so any number powered O is equal to 1.
Examples: 5°=1 , 2°=1 , (09°=1  (H°=1

Checking: Applymg the rule for division of powers with the same base:

a : ad® = " P we can see that a" : a" = a" " = a

’

Any number divided by itself is equal to 1, so any power (a") divided by |‘rse|f
(a": a" = a%) is equal to 1.

0

vii)  Powers with a negative exponent. x :%
Example: 47 = t_1. here's why:
P "2 16 v
3 -
% =435 =472
£ pu— %‘ : 4 . ﬂ p— i
45 X.%.%.4.4 42
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SUMMING UP:

Power = ﬂn =a-+a*a-"...a a=base n= expouent
DEFINITION —_
n times
» When multiplying => Add the exponents
93 x ot = o3 o o7
SAME BASE
» When dividing => Subtract the exponents
95 93z 953 o2
RULES OF » When multiplying => Multiply the base
POWERS

SAME EXPONENT
» When dividing

2*x5*= (2:5)*= 10°
=> Divide the base

8°: 2°=(8:2)°=4"

Multiply the exponents

POWER OF A
POWER

(23" = 242= 28

Ex. (27 =(2x2x2)x(2x2x2)=2% =2

6

To revise these rules, you can visit this video

on the Internet:

http://www.math-videos-online.com/exponents-
rules.htmll

—— —

Exercise 1: The most usual errors with powers are in the following examples, find them:

a) 2°=62?
b) 3°=0 ?
¢) —22=-4?

d) (2+3)°=2%+3%7
e) (3-1)?=3%-1%?

p 37°=-3?

Exercise 2: Write as a power:

Q) 7-7-77-7=

b) 3 (-3)(-3) (-3 (:3)=

Exercise 3: Calculate in your mind:

a) 2°

b) 2

c) 2 d) 2°

Exercise 4: Calculate in your mind:

a) 10°

b) 10*

c) 10° d) 10°

e) 2* f) 2°

e) 10* f) 10°
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Exercise 5: Calculate in your mind:

a) (-3)° b) (-3)" ¢) (-3)° d) (-3)°

Exercise 6: Calculate in your mind:

a) 2°= b) -3%= c) 2= d) -3*=

Exercise 7: Use the properties of powers:
a)5°- 5= b) 5°: 5°=
d) 5% 7%= e)5%: 7" =

Exercise 8: Write as a power with an integer base:

| | | |
V5 Py 937 Iy

Fc practise with exponents, you can visit this website:
http://www.mathsisfun.com/algebra/negative -

7

exponents.html

2. ROOTS.

2.1. SQUARE ROOT.

Fill the table:
Number 1 2 3 4 5 6 7
Perfect Squ
(Cu:é‘r':;o Peqr'fa::’ro) 1 4

We usually write:
Ja=2 V1=1 V9 =3

[ chei b2 o
But this is not absolutely true, pay attention: Va =bsib®=a

and then, look here:
V4 =12 because 2’=4 and (-2)°=4
Vo =43 because 3°=9 and (-3)*=9

UNIT 2. POWERS AND ROOTS.
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J1=H Because 1P=1 and (-1 =1

Jo=0
=9 =no existe=}

So, a number can have two square roots, one or none.

Write an example of each case:
> Two square roots:
> One square root:
» No square roots:

E.g.: How many roots has v/4 got ? Two roots, they are 2 and -2, because 2°=4 and (-2)°= 4.
E.g.: How many roots has v-16 got?
E.g.: How many roots has Jo got ?

E.g.: How many roots has NCH got?

PROBLEM:

A gardener has a 25 m? square garden. How many
metres long is the side?

LET'S APPROXIMATE SQUARE ROOTS:

a) 5« «.."E < because 31=23 and 6&%*=36.
B <10 because
') JUR <17 e because
d)...oo.... ... <0 < because

PROPERTIES OF SQUARE ROOTS.

i) Va-+b=+a-b. Example: V12.4/3=412.3=1/36 = 46

Ja_ [a vi2_ 2 o,
ii)%_\/;. Example: \/g_\/;_\/z__z

N.B.: COMMON MISTAKES!

> Ja+b=+a+vb. Example: V/9+16 #+/9++16 because +/25=5#3+4.
> Ja-b=+a-+b.Example: V25-9 #+/25-+/9 because 16 =4#=5-3.
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EXTRACTING THE FACTORS OF A ROOT:

Examples:
> 12=443=+22.3=23
> /50 =+/25-2 =+/57.2 =52
> 18=492=432.2=3/2
> 62=
> J75=
> 200 =
> J20=
> J45=
> /48 =
s P F5e
> N77.3' =
> 255 =
To revise how to simplify roots, you can visit
this video on the Internet:
http://www.math-videos-online.com/simplifying-
square-roots.html
% k—/
2.2. CUBE ROOT.
> 38=2 because  2°=
> 327=3 because  3*=27
> =1 because 13 =
> V125=_ . because
> 3o=__ because
> -8=_ . because
LET'S APPROXIMATE CUBE ROOTS:
a) 1<3/4 <2 because 13=1and2®=8.
D) o <38 <o, because
) DR <333 <, because
A) v, <377 <o, because

UNIT 2. POWERS AND ROOTS.
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PROPERTIES OF CUBE ROOTS.

i) ¥a-3b=%a-b .Example: 3/25-3/56=3/125=5

L da  [a 324 24

II)%:i/g .Example- :3—:3{/522
2.3

3/3 3

UMPTEENTH ROOT (RAIZ n-ésima)

The umpteenth root of a number “a" is another number “b" so that b" = a.
So:
Va=b i b'=a

Example:

3
1/8_1 =43 = < 3 because {

3 =81
(-3)* =81

2.4. EQUIVALENT ROOTS

Two roots are equivalent if they have got the same solutions. To get equivalent roots you can
multiply or divide the index and exponent by the same number.

Example:

EX G'... g i [
V52 = V5% =56 = VsB = ... =2,92...
Example: Simplifying a root.

]H |'— ]3 '5|' ¥, % [ =
ﬁ”; V512:6 = y/52
M.C.D.(12,18) =06

2.5. PUTTING FACTORS INTO A ROOT.

To put a number info a root you have to raise it to the power of the index of the roof.
Example:

235 =235 =385 = V40

Other examples:

2.6. EXTRACTING THE FACTORS OF A ROOT:

Let's learn how to extract the factors of a root using some examples:
Example 1:

3 a3 7 3o 37 I
V32a17b12¢7 = 4/25417b12¢7 = 229 b% 232222 ¢

Example 2:
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340 =3/8-5 =3/2°.5 =235
3/250 =3/125.2 =3/5%.2 =53/2

Example 3:

Other examples:
3/500 =
3/54 =
3/40 =
3/1000 =

YV V V V

> 135 =

> V8la’bct -

12828b2cP5

» N 243a%b3¢’ _

3
5> V1252%b17¢%5

2.7. ADDITION AND SUBTRACTION OF ROOTS

Two roots are similar (in Spanish: radicales semejantes) if they have got the same index and the
same radicant. We can't add two roots if they aren't similar roots.
Let's study the following examples:

Example: 4 \'FS_O -7 \'E +3 '\"E =

Example: 598 — 34200 + 48

J- P>
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2.8. PROPERTIES OF ROOTS.

FORMULA EXAMPLE
Va - Vb=%a-b U5 .25 =35.25 =4125 =5
Va :¥b =%a:b V32 . V4 =332.4 =38 =2
(Va)" = VP (5) = 457
Wz ="¥a Vs - $5
2.9. SUMMARY OF THE PROPERTIES OF POWERS AND ROOTS.
POWERS ROOTS
a"=a.a-.M. . .a 25=2.2.2-8 Va =bsib?=a V25 = 5
0°=0,0#0 05 =0 Va =bsib’=a Vg -2
1°=1 1°=1 Va =bsib"=a (32 =2
=120 =1 Vo-(a)=a P -(7)-7
al=a 41 -4 Naps = \aP 76 - 3732 73
at-ab=atth 5%.5%=57 aVb =Va®. b 235 =123 .5 = V40
a":aP =a""P 28:23=-2 Va. b =¥a.b 2.3 =g
@p = GP-5 | W B-Vab | V3.45-423
(a-b)*=a". b" (2.3)5=25.35 n';)p _ > (ﬂ\,l—)i T
@:bn=a":b” | (5:7)%=5%:73 Wz -1 N7 = X7
o 2= Ya =alh 7 =513
1 _ 1 o
al/n = V5 615 =6 Va V2
% \'5 R _— | 1 7314
aP/n = P 223 _ {72 VaP 7
bl ] 6L
af VG
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2.10. FRACTIONAL EXPONENT AND ROOTS.

Don't forget the general rule:
x” = the square root of x = v/x

x” = The 4th Root of x = 4/x

So we can come up with a general rule:

A fractional exponent like 1/n means the n-th root:

What About More Complicated Fractions?

What about a fractional exponent like 4¥2? That is really saying to do a cube (3) and a square

root (1/2), in any order. Here is an explanation:

A fraction (like m/n) can be broken into two parts:
e awhole number part (m) , and
e a fraction (1/n) part

So, because m/n = m x (1/n) we can do this:
m 1 1 n
Irmn :_’I"(mxnj e {Im:]n e _‘I"m
And we get this:

OR Take the n-th root and then do the m-th power

m

Y A fractional exponent like m/n means: T
Do the m-th power, then take the n-th root

Also:
'_ 1
aPm — 2P a0 a‘P‘Fr':n,_,a}(}
VaP

Some examples:
Example 1: What is 42 ?
432 = 432 = (4% = \(4x4x4) = (64) = 8
or
4312 = 4V2° = (N4y* = (2)° =8
Either way we get the same result.

Example 2: What is 274/3 ?
3 3
2743 = 974w = v/ (274 = v (531441) = 81

UNIT 2. POWERS AND ROOTS.
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or

2748 = 27094 = (v 27y = (3)* = 81
It was certainly easier the 2nd way!

Exercise 1. Write as a root:

s SRR .

b)

|

a) 5\5

Exercise 2. Write as a root and calculate the result:

a) 274 = b) 49712 = ) 128" d) 243

Exercise 3. Use the properties of roots to write these operations with just one root:

E— - ! N
a) V5 -3 b) V6 : V3 o) (5) d) V5

Exercise 4. Use the properties of roots to calculate the result:

a) V6 -6 b) V20 : V5 c) 325 -5 d) V64

REMINDER:

1.Brackets.

2.Powers and roots.

3. Multiplications and divisions.
4. Additions and subtractions.

Example:
(56 —7%) . V25 = (56 -49)-5=7-5 = 35

With the calculator: EEI

Exercise 5: Work out in your mind and check it with the calculator:
a) (92+23-77) - V64
b) (1028l +53):36

UNIT 2. POWERS AND ROOTS. 11 I
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EXERCISES

UNIT 2. POWERS AND ROOTS.

Exercise 1. Fill in the gaps in the table and calculate:

POWER | BASE | EXPONENT 2°=
2’ P =
A’ 57 =

Exercise 2. Fill in the gaps using the properties of powers:

28 = =[] .9 = atat=[ |
28%: 79 = =[] 6 = a%aP=[ |-
(57-53):56=5D:SD=5D=|:| (5°)°= E}j (=’=‘3)2=Ej

Exercise 3. Fill in the gaps using the properties of powers:
(83.34).82=3D.82=3D

(m7:m2):m3=mD:m3=mD

(a3)2:a4=aD: at = all

(m3):(md32= mb: mU= mU

a-a8=d] (a)p=all

m’:ms=md (m?)= y

p'0:b7=b)  (b*)°=bl

Exercise 4. Calculate:

a) (-2)°= b) (-2)'= ¢) (-2)°= d) (-2)°= e) (-2)*= f) (-2)°=
g) — 2°= h) —23= i)—3=

Exercise 5. Rewrite these figures using scientific notation:
a) 25,000,000 b) 56,789,234 c) 0.000000234 d) 0.000893

Exercise 6. Apply the properties of powers:
a) 32.3°= b) 3°: 3?: c) (302 = d) 2*.5%= e)2':5' =

UNIT 2. POWERS AND ROOTS. 12 I
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Exercise 7. Write with integer base:

| | |
) 5 b) 3 )7 d) 25

Exercise 8. Write the first five perfect squares bigger than 30:

Exercise 9. Approximate the square root of the following numbers:

Exercise 10. Apply the properties of square roots to calculate:
a) V3 - V12 b) V72 : V8

Exercise 11. Extract the factors of these roots:
a) V20 b) V75 c) V98

Exercise 12. Calculate using the priority of operations:
a) (7436 —82 + I5)- 100
b) (72 + 476 — V64 + 25 : V8I

Exercise 13. Calculate these cube roots:

.......... <37 <, e <325 <, e <100 < v,

Exercise 15.Extract the factors of these cube roots:
a) V56 b) V135 ¢) Y6000

Exercise 16.Calculate applying the properties of powers:

a)x°-x%= b) x* : x° = c) (C)° = d) x> x*:x3=
Exercise 17.What is the value of "x” in each case?

a) 2" =32 b) x* = 81

c)5°=x d) (-2)* = 64

Exercise 18.What is the value of "x” in each case?_

a) Vx =7 b) V36 =x

o) Vx =4 d) ¥x =

UNIT 2. POWERS AND ROOTS. 13 H
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Exercise 19.Calculate:

a) (3+4)°= b) 3% + 4% = c) (13-5)*= d) 13* - 5° =

Exercise 20.Calculate:
a) N9+ 16 b) V9+ V16

d) V100 —Vé4..

Exercise 21.Calculate using the calculator:
a) (13V8T — 122 + 105) - V625
b) (73 - 5334 - V169 +27): 12167

Exercise 22.Calculate with the calculator and write the result using scientific notation:
a) 2% = b)5.3-10%. 4.81.10° =
c) 3" = d)8.75 - 10%: (6.32- 10 =

Exercise 23.Calculate applying the properties of powers:
@%)° _
at
(2-3)°
22.32
c) a®:a'=

a)

b)

d) @ -a%:a°=

e) (4-5)%:(4%-5%) =

Exercise 24. You need to contact all the members in your football league. You phoned 3 people
in the morning. Those 3 people each phoned 3 more people in the afternoon. That night, those
additional people each phoned 3 others. How many people got a phone call by then?

Exercise 25. In a cinema, there is the same number of rows and columns, and there are 289
seats in total. How many seats are there in each row?

Exercise 26.The schoolyard is square, and it is 60 metres long. We want to lay paving stones
whose size is 40 cm x 40 cm. They cost € 0.65 each, and building workers charge us € 3,000.
How much does it cost to repair the schoolyard?

Translate the instructions:

UNIT 2. POWERS AND ROOTS. 14 H
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Exercise 27. In a restaurant, they have 5 starters, 5 main dishes and 5 different desserts.
How many days can I go to the restaurant without repeating the same menu?
Translate the instructions:

Exercise 27. The charge to cover the four walls of a kitchen with tiles is € 900. If the walls
are square and they charge €25/m?, how long is each wall?
Translate the instructions:

Exercise 28. The hard disk of a laptop has 40 6b. If 1 6b = 2'© Mb, 1 Mb = 2'° Kb and
1 Kb = 2'° bytes, how many bytes is the capacity of this hard disk? Write it in scientific
notation.

] [712 [712 R/718
Exercise 29. Simplify the roots: 2) V7 b) N7 c) V7 d) V7

Exercise 30. Mulﬂgly to eliminate the brackets.
a) 2a’b (3ab — 6a’b’) =

b) 3xy?z® (4x%y’z + 5X°y — 7x°z) =

Exercise 31. Extract common factor:

a) 12a*h® — 18a%° =

b) 6x°y?Z* + 15x%y°2° — 18x%y°z° =
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o af
Exercise 32. Calculate: a) 71 = b) (_7)‘l = 3 2

Exercise 33. Calculate in your mind:

a)3 " = b) (-3)* = c) 37 = d)(-3)2= ¢3°%= f) (=3)°2 =

Exercise 34. Using the properties of powers, write these as just one power:

a)3®>-3"%= b)2*:273 = )33 = d)172 - 17° - 17* =

Exercise 35. Using the properties of roots, calculate:
a) V27 -3 b) V45 : 5 o ¥4 {6 d) Y1024

Exercise 36. Calculate the value of “"x” in each case:

a) 2* =32
b) 3% = x
c) X’ =125
d)x*=-8
243 3
Exercise 37. Calculate: ) (?) b) (_%)
. 2 4 _l‘ 4
C} (3) d) ( 3 ] e) 571 f) (_5)71 _
3 1
) 22 h) ( 3 }

Exercise 38. Calculate the valu_e of "x” in each case:
a) Vx = +5 b) V49 = x A V¥x =5 d) V3

]

=2

Exercise 39. Calculate using prime factor decomposition:

3 8 243
a) V216 b) V3375 <o\ 5 I\ 37

Exercise 40. Extract as many factors as possible:
a) V243a®b3c’

b) 125276172
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0 V81a%bct

d) %4'323.8132(:12
Exercise 41. Calculate the following operations with roots:

3v32 — 2950 +V72
a)

b) 275 — 427 + 5V12

a) 2Y200 — 3718 —4V98

Exercise 42. Fill the gaps using the signs = or # :

a)5° .. 15 b) (-6)° .. —6° c) (3°)% .. 3Y d) (7-5)" .. 16

MATHS IS FUN!
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